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O. Introduction
Consider the equilibrium where the Lagrange top is sleeping. In this paper we will show that a Hamiltonian Hopfbifu.rcation takes place when this equilibrium changes its stability.
It is well known that the Lagrange top. a heavy symmetric rigid body with one point fixed. is a completely integrable Hamiltonian system [6] . Besides the Hamiltonian itself there are two additional integrals of angular momentum: one associated to rotation about the vertical axis fixed in space and the other associated to rotation about the symmetry axis of the body. After removing the symmetry of rotation about the body axis using the reduction theorem [1] . one has a two degree of freedom system whose motions are described by the Euler-Poisson equations [4] , These equation are in Hamiltonian fonn with respect to a nonstandard Poisson structure on 11 6 , In a neighborhood of an equilibrium point corresponding to sleeping motion of the top. the Euler-Poisson equations become a parameter dependent Hamiltonian system on 114. whose Poisson structure is induced from that on JR6. In order to prove the existence of a Hamiltonian Hopf bifurcation, only the constant part of the Poisson structure on JR4 is of importance. The reason for this is that the normalization of the energy-momentum mapping in the sense of Vander Meer [8, ch.3] makes no use of the Poisson structure.
The Euler-Poisson formulation of the Lagrange top [7]
On JR6 let (C-( JR 6) •• ) be the commutative, associative algebra of smooth functions under pointwise multiplication.. Let 
where I = diag(/t,/ 2 , 13) is the moment of inertia tensor of the top_ For 1 to be the moment of inertia tensor of a physically realizable body
0<13<211
(see [6] , p.l00). From (1) we see that Hamilton's equations for the Lagrange top are x=xxly y=xxAe 3 +yxly. (3) These are exactly the Euler-Poisson equations of the Lagrange top [4] . 2. Reduction, relative equilibria and the swallowtail (8) In this section we review the salient facts about the relative equilibria and critical values of the energy-momentum mapping of the Lagrange top. We follow [3] . We will show that near the two points where the thread attaches. the set of critical values looks like part of a swallowtail surface. This fact has been observed before by Prof. H. Knorrer of ETH and Prof. D. Olillingworth of the University of Southhampton. We begin by studying the relative equilibria of the S 1 action
where R t = [-~ : ~l and c = cost. S = sint. 'P t is the flow of XL-It leaves Ta S2 invariant and o 0 IJ has momentum L.
-5-We want to use this S 1 symmetry to reduce H to a one degree of freedom Hamiltonian system on a second reduced phase space Thus the usual reduction theorem [1] does not apply for all values of a and b. To get around this problem we use invariant theory.
The algebra of polynomials on L -1 (b) (") Ta S2. which are invariant under the S 1 action generated by the How'P" is generated by
subject to the relations
(10) (11) Note that (9) and (10) define the algebra of 'P,-invariant polynomials on 1R6. The extra relations (11) define the algebra of polynomials on
Eliminating the variables 'ltl • 'lt3 and 116 from (10) and (11) gives (12) which defines the second reduced phase space Pat b. On P a, b the Hamiltonian induced by H is
The relative equilibria of H on L -1 (b) (") Ta S2 are S 1 orbits of XL which conespond to critical points of Eon P a , b. E has critical points only on Pat b (") {X4 = OJ. Solving (13) for 'lt2. setting X4 = 0 in (12), and then eliminating Xz from (12) gives (14) where a = E -~ "( b Z • The critical points of E on P a, b (") {7t4 = O} correspond to multiple roots 7tS of the polynomial f which satisfy I 'Its I::; 1. The critical values of the energy-momentum map of the Lagrange top conespond to a piece of the discriminant locus
A striking feature of 11 is that it has a one dimensional piece The thread T= {I =r=O,p > OJ.
In the remainder of this paper we will show that 1: comes from a Hamiltonian Hopf bifurcation in the Euler-Poisson equations of the Lagrange top as the parameter I a I increases through the value 2.
The Hamiltonian Hopf bifurcation
In this section we describe the theoretical background for the Hamiltonian Hopf bifurcation in the Lagrange top. For a romprehensive treatment see [8] .
We begin by showing that the Euler-Poisson equations (7) undergo a Hamiltonian Hopf bifurcation. For this it is sufficient to study the linearized equations. In order to obtain the swallowtail, we have to show that we are in the generic situation. This means that we have to check if the higher order terms satisfy certain conditions (see (23) 
. ~ ~.,
I a\ < 2 \al= 2 One can show 1hat a complement to T T(2p) The structure matrix W of [ ] is given in Table 2 .
[ ] Table 2 Expanding W in a power series in x? + ~ we get where W=WO+W 1 + ... 
A A Consequently, the set of critical values of (H, L) is diffeomorphic to the set of critical values of (G, S). In this result from singularity theory the Poisson structure of R4 plays no role.
In fact, the mapping (G, S) is an energy momentum mapping for a Hamiltonian system G on (JR4, 00). We now recount the analysis of this standard system given in [8] . S is an integral for G. The flow", of Xs generates an S 1 action on R,4. Since the algebra of "t-invariant polynomials is generated by M, N, S and T subject to the relation (21) (compare with (18», we can remove this SI symmetry using invariant theory. 
The relative equilibria of G are the Xs omits on S-1 (9) which correspond to critical points of Jon
Pa. J has critical points only on Ps tl {T = OJ. Solving (26) for N and then substituting this into
